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Abstract 

Most of the  inversion done to infer the elastic 
properties of the subsurface rock layers, in the oil E&P 
industry, continues to rely  on conventional seismic 
data that contains PP waves only, despite the benefits 
that the joint PP-PS data may bring. Here we present a 
stochastic Bayesian seismic waveform inversion 
method for multicomponent data, accounting for the 
full elastic response of the layered media. The 
proposed inversion routine evaluates Vp, Vs, ρ and its 
associated uncertainties using the Monte Carlo 
Markov Chain method to sampling the posterior 
distribution.  We present examples involving  synthetic 
and also real data. These tests showed a great 
reduction in the uncertainties associated with the 
estimation of  Vs using the PP-PS data, compared with 
the PP data.   

 

Introduction 

Seismic inversion aims on performing quantitative 
estimations of the elastic parameters of subsurface rocks. 
Elastic inversion became an essential routine tool 
especially employed in exploration and reservoir 
characterization for the E&P industry. Its origin can be 
traced back in the 1980s, with pioneering works on the 
development of AVO (amplitude versus offset) technology, 
published by Ostrander (1984), Sherwood et al. (1983), 
Shuey (1985) e Smith & Gidlow (1987).  These early 
developments rely only on primaries waves (P waves), but 
the development of multicomponent seismic in the 1990s 
enabled the recording of converted PS waves and led to 
the emergence of joint PP-PS elastic inversion schemes, 
see e.g. Stewart (1990).  Several studies claim that joint 
PP-PS inversion produces superior results when 
compared to conventional PP inversion, especially for 
density and S-wave impedance (see e.g., Jin 1999, Mallick 
2000, Mahmoudian and Margrave 2003), however higher 
costs associated with the acquisition and processing of 
multicomponent seismic data has made PP-PS inversion 
much less used then conventional PP inversion until now. 

Seismic data are band limited, have a limited angle 
coverage and is contaminated by noise. As a result, 

seismic inversion is an ill posed problem, once the data 
may be explained by many different models within the error 
bounds. The linear inversion approach offers an elegant 
and convenient way to analyze  these effects in elastic 
inversion, since a covariance or resolvability matrix can be 
readily obtained by means, for example, of SVD technique;  
(De Haas and Berkhout, 1988), (Rijssen and Herman, 
1991), (Jing and Rape, 2004), (Khare and Rape, 2007).  
Another way to deal with ill-posed inverse problems is to 
use stochastic methods that perform an extensive random 
or pseudo random exploration of the model space to test 
many possible solutions (Sambridge and Mosegaard 
2002). In stochastic inversion, the model parameters are 
treated as random variables and the solution is given by a 
probability density function (Tarantola, 1987). The 
advantages of this approach are that it is not necessary to 
assume a linear relation between data and model 
parameters and the possibility of calculation of uncertainty 
associated with the estimates (Gouveia and Scales, 1997, 
1998).  

The practical elastic inversion method commonly used in 
the E&P industry assume the subsurface to be locally 1-D 
and is based on convolutional model that uses 
approximate formulas for the reflection coefficients in order 
to explain the amplitudes of the pre-stack seismic data. 
This allows for the linearization of the inverse problem and 
facilitates the calculation of uncertainty, since a closed 
form of the posterior probability function is available 
(Buland and Omre, 2003). However, these approximated 
formulas assume small contrasts in elastic properties 
between layers and are not valid for post critical angles of 
incidence. Besides this, the linearized elastic inversion also 
assumes that the seismic response of the earth contains 
only primary reflections. This simplified inversion scheme 
is not able to correctly explain the amplitudes related to 
high incidence angles, especially for thin layers with high 
contrast between the elastic properties (Simons and 
Backus, 1994; Mallick, 2007). 

The heart of the proposed stochastic estimation method is 
of an efficient modelling procedure used to calculate pre-
stack PP and PS angle gathers using the reflectivity 
method, that accounts for the full seismic response of the 
layered media. The inversion is parametrized in terms of 
the primary wave velocity Vp, secondary wave velocity Vs 
and density ρ and assumes Gaussian prior statistics about 
the medium elastic parameters. The Metropolis algorithm 
from Monte Carlo Markov Chain methods is used to 
sampling the posterior distribution and estimators like 
mean and uncertainties like standard deviations are 
obtained from these sample values.  
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Modelling of PP and PS angles gathers 
 
In this work we consider the upgoing P waves and S waves 
that are generated by the incidence of a down going 
transient elastic plane P wave at different angles on an 
elastic layered medium. These waves will be referred here 
as PP and PS waves. We consider the layers to be 
isotropic and homogeneous. It is important that the 
calculation of the seismic response takes into account all 
events generated in the layer, like multiples, transmission 
effects and mode conversions of all types and not only 
primaries reflections. This is due to the influence of these 
wave modes on the amplitude of the recorded signal. This 
influence becomes more evident with the decrease of the 
width of the layer and with the increase of the contrast and 
incidence angle, as noted by Simmons and Backus (1994).   
 
The reflectivity method (Muller, 1985) is used for modeling 
the seismic response of the layered medium. The PP and 
PS plane wave responses can be given as a function of the 

ray parameter p=sin /0 and the vertical two way travel 

time   by the following inverse Fourier transforms:  
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Where z1 is the depth of the top interface, 0 and 0 are 
respectively the P wave and S wave velocity of the upper 
semi space. The frequency domain function of the seismic 

pulse is F(), r
pp

0
 is the PP reflectivity and r

ps

0
 is the PS 

reflectivity. Those are the elements of the reflectivity 
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In practical applications, the input seismic data for pre-
stack inversion is sorted by offset or by incidence angle. 
Due to this, the PP and PS plane wave seismograms are 
submitted to tau-p NMO correction (Diebold and Stoffa, 
1981)  and then transformed from ray parameter domain to 
incidence angle domain by means of a simple mapping 
procedure, applied along the two way travel time 
coordinate, based on Snell low for elastic waves: 

p = sinq
pp

/a
0

= sinq
ps

/ b
0
, where pp=  is the PP 

reflection angle and ps is the PS conversion angle. This 
kind of data is known as angle gather seismogram. 

 

Bayesian Inversion by MCMC 

The goal of the Bayesian inversion is to obtain the 
probability density function that describes the parameters 
of the medium. This is known as the posterior probability 
distribution and is given by the formula             

P(m |d) = k P(d |m)P(m)                    (3) 

Where P(d|m) is the likelihood distribution probability 
function of the observed data d given a model m, P(m) is 
the prior probability density function of m and k is a 
normalization constant. We assume that the data error is 
approximately Gaussian distributed, implying that the 
likelihood function can be written as 

P(d |m) = exp -
1
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in which d is the observed data vector (that can be PP or 

PP-PS data), m is the vector of model parameters,  G ( ) 

is the forward modeling operator and Ce is the covariance 
matrix that, in our case, is a simple diagonal matrix with a 
constant value for the data variances. 

We use the classical Metropolis algorithm (Metropolis et 
al., 1953; Chib and Greenberg, 1995) to sample the 
posterior distribution. This method can be summarized by 
two steps: the first is the exploration step, when a proposed 
model mp is drawn from a current model mc using a 
proposal distribution.  In the second step this proposed 
model is accepted or rejected according to the following 
rule:  

• Accept 
pm , if ( | ) ( | )p cP Pd m d m . 

• If ( | ) ( | )p cP Pd m d m , accept 
pm , 

with probability ( | )

( | )

p
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It can be shown that after a certain number of iterations, 
called the burn-in period, the statistics of the accepted 
models set will reach an equilibrium, converging to the 
posterior distribution. 

Test on synthetic data 

In this section we test the elastic inversion involving PP and 
PS data in a layered model. This model contains seven 
layers with variable thickness and contrasts. The PP and 
PP-PS inversions are performed considering 0 – 40o angle 
range. The results are shown in Figure 1. Here we 
calculate only the mean and standard deviation for each 
one of the 21 parameters. For the prior distribution we 
choose a box function that assigns a constant prior 
probability in a search window of ± 30% around the real 
value of each parameter. We use the Metropolis algorithm 
with six independent runs of 5000 samples each, 
discarding 2000 due to the burn in period and keeping the 
last 3000 samples to derive the statistics of the posterior 
distribution. 
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By comparing the PP and PP-PS inversions, we note that 
the inclusion of the PS data in the PP-PS inversion 
improves Vs estimates. The density estimation proved to 
be especially difficult and this is true for all PP and PP-PS 
inversions. In Figure 2, we show the histograms of the 
estimated parameters with 0 - 40o input angle range. We 
note in these figures that while the Vp and Vs histograms 

are well behaved, the density histograms are characterized 
by a platykurtic multimodal distribution, where the mean 
value may be not close to the true value of the parameter. 
This fact was also noted, for the PP case, by Aleardi and 
Mazzotti (2017), and we see that this problem still persists 
in the joint PP-PS inversion.       

 

Figure 1 - Inversion results for synthetic data. The blue, red and green lines correspond to the estimates of Vp, Vs and  
respectively. The standard deviations of the estimates are represented by the horizontal bars. The gray lines represent the 
intervals where the prior distribution is different from zero. 

 

Test on real data 

We applied the proposed stochastic inversion approach to 
a multicomponent data acquired with ocean bottom 
sensors in an oil field in the Campos basin, RJ, Brazil. It 
consists of PP and PS image gathers obtained by pre-
stack time migration. This data is noisy (specially the PS 
gathers) and had to go through a conditioning step, which 
included multispectral curvelet filtering, inverse Q filtering, 
residual moveout correction and residual multiple 
suppression (Franco et al., 2015). The PP and PS image 
gathers where then transformed to the angle domain using 
an angle stacking routine that used smooth velocity models 
extracted from well information and velocity analysis in 
order to trace rays and then relate offset with incidence 
angle. The obtained angle stacks contain eight traces that 
covers angle from 4 to 32 degrees with regular interval of 
4 degree (Figures 5a and 5c). Two seismic pulses were 
then statistically estimated; one from the PP data and other 
from the PS data. 

The first inversion test was performed using a box like prior 
distribution P(m) that assigns a uniform probability to a 
range of values around an average value and zero 
probability for parameters values outside this range; 
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The average values m was obtained by applying a moving 
window operator in the well logging curves. This 
distribution is not very informative about the behavior of the 
parameters, what make the estimation more dependent on 
the data than on the prior knowledge. For the stochastic 
inversion we used six independent runs of 10000 samples 
each, discarding 2500 due to the burn in period and 
keeping the last 7500 samples to derive the statistics of the 
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posterior distribution. The results of this inversion are 
shown in Figure 3a. We choose as estimators the mean 

value of the set of Vp, Vs and  samples generated by the 
Metropolis algorithm. These samples values are also 
plotted (in light gray) for each elementary layer. The extent 
that these samples are dispersed around the mean value 
gives a clear idea of the uncertainty associated with the 
estimate of the parameter in question.  We see that the 

estimator for Vp are in good agreement with the curve 
measured from well (filtered to the seismic bandwidth) and 
the uncertainty associated with this parameter is relatively 
small. The estimator for Vs has also a good agreement with 
the well measurement. The density is the worst resolved 
parameter and the uncertainty associated with this 
parameter is much bigger than that of Vp and Vs. Note that 
this result, in general, confirms what was predicted with the 
test on synthetic data (Figure 1). 

 

Figue 2 - Histograms associated with estimates of Vp, Vs and  using synthetic data. The vertical red lines indicate the mean 
of the estimates, the vertical black line represents the reference value of the parameter. 

 

In the second test we use a Gaussian prior distribution for 
P(m). This distribution is much more informative about the 
parameters then the box like prior and is given by the 
following formula:  

P(m) = exp -
1

2
(m- m)T (C

m
)-1(m- m)
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Where  is the mean vector and Cm is the matrix whose 
elements are the covariances of the parameters. In this 

 

 

example, the covariances were obtained from the 

measurements of Vp, Vs and  made along the well, by 
using a moving window. For simplification we considered 
that the covariance of parameters that lies at different 
elemental layers are zero, so Cm becomes a block diagonal 
matrix.  We see that the introduction of the Gaussian prior 
distribution improved significantly the estimates of Vs and 
Vp (Figure 3b). Some improvement in the estimative of 
density is also present, since there was a decrease in the 
uncertainty of this parameter, however the estimator for 
density continues not matching well with the 
measurements. We see in Figure 4 that the modelled PP 
and PS angle gathers obtained using the estimates made 
with the Gaussian prior matches very well with the real 
angle gathers. 
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Figure 3 – Real data examples: results of stochastic inversion with (a) uniform and (b) Gaussian priori distribution. The blue, 

red and green lines correspond to the estimates (mean) of Vp, Vs and  respectively.  The samples values generated by the 
Metropolis algorithm are plotted in light gray. The measured curves from well login are plotted in black.  

 
Figure 4 – (a) The real PP angle gather (b) the modelled PP angle gather (c) The real PS angle gather and (d) the modelled 
PS angle gather obtained using the estimates shown in figure 3. 
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Conclusions 

In this work we develop and present a Bayesian stochastic 
inversion method for multicomponent seismic data whose 
main characteristic is the use of an optimized routine for 
modeling PP and PS angle gathers based on the 
reflectivity method. The application of such a method in 
synthetic and real data demonstrated that the parameters 
Vp and Vs can be robustly estimated, even from 
multicomponent data with limited incidence angle 
coverage. The density estimate was not very robust, and 
the use of an informative prior distribution is fundamental 
to reduce the uncertainties associated with this parameter. 
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